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Coplanar Waveguide and Slot Line on
Magnetic Substrates: Analysis
and Experiment
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Abstract — A full-wave analysis is presented for coplanar waveguide and
slot line phase shifters on magnetic substrates. The analysis is based on a
Green’s function which is formulated using a transmission matrix ap-
proach. Different configurations are investigated with respect to their
nonreciprocal phase shift properties. Measurements are presented for a
coplanar waveguide etched on the surface of a rectangular ferrite toroid.
Calculated and measured results are in good agreement.

1. INTRODUCTION

UE TO THE recent progress in the growth and

deposition of magnetic films on semiconductors [1],
there is renewed interest in the characteristics of printed
transmission lines on magnetized substrates. Printed struc-
tures are attractive due to their low fabrication costs and
their compatibility with integrated circuits. In particular,
coplanar waveguide is easy to construct and capable of
very broad bandwidth connections with coaxial line. 1t is
also somewhat similar to slot line in terms of field elliptic-
ity and tendency to interact with magnetic material. In this
paper, we present an analysis of differential phase shift in
coplanar waveguide (CPW) and slot line on transversely
magnetized substrates. These calculations are then verified
experimentally for CPW printed on rectangular ferrite
toroids.

Previous studies in this area have primarily been either
theoretical or experimental for slot lines and CPW. Early
work by Allen and Robinson [2] involved measurements of
slot line on YIG substrates. At about the same time, Wen
[3] measured differential phase shift for coplanar wave-
guide on YIG. Theoretical investigations have been widely
reported [4]-[9] for slot line. CPW was analyzed by Kaneki
[8] assuming very narrow slot width W < A, but no curves
were published. Several multilayer structures have been
suggested [2], [7], [9], [10] with the intention of increasing
the nonreciprocity of the slot line, but their effect on CPW
is not clear.

The work presented here is primarily concerned with
coplanar waveguide on magnetic substrates. A full-wave
analysis is used to determine the effect of various config-
urations on differential phase shift. The analysis can be
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used for substrates of infinite width or for those confined
by sidewalls. In this respect, it differs from our earlier
work [11], which did not include sidewall effects. We
subsequently found this to be important in accurately
predicting the measurements which will be presented.

In what follows, the multilayer Green’s function is for-
mulated using a transmission matrix approach. This ap-
proach has been modified such that its computational
efficiency is increased by deriving the transmission matrices
for dielectric and ferrite slabs in a closed form. The
Green’s function is then applied to the full-wave analysis
of a slot line and CPW on infinite width substrates.
Several different multilayered configurations are investi-
gated. Next, perfectly conducting sidewalls are added to
the analysis. The resulting configuration is used to study
the effect of various CPW parameters on differential phase
shift. Finally, an experimental structure built on a ferrite
toroid will be described and differential phase analysis
compared to measurements.

II. GREEN’S FUNCTION FORMULATION USING THE
TRANSMISSION MATRIX

In this section, the multilayer structure shown in Fig. 1a
is considered. A Green’s function in the Fourier transform
domain is derived which relates the transformed tangential
electric fields E on one surface to the transformed electric
surface currents J, on the same surface. This relationship
has the form

Fk k) =Gk, k) E (k. k) 1)

where 5(kx, k,) is the Green’s function in the Fourier
transform domain and where the Fourier transform is
defined by

1 0 o .
E(x,y)=-—"= f_ w/_ ooE(k"’ ky)ejkxxejkvy dk . dk ,.

27
(2)

To find G, a 2X?2 matrix, a transmission matrix approach
will be employed which is somewhat similar to the ap-
proach suggested in [12]-[14]. Fig. 1b shows a slab, possi-
bly magnetic, of thickness d with transformed electric
fields and currents E,, J;, E,, J, assumed at the boundaries
with other layers. The transmission matrix, T(d), is a 4x4
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Fig. 1. Geometry of (a) single-layer and (b) multilayer structures.

matrix defined such that

E] (= alE

S 1=|T(d - 3
[12 [#(a) H ()
where the tangential electric field components and the

surface cyrrent components form a four-element vector.
To find T(d) we start from Maxwell’s equations:

V X H= jweE VXE=-jop-H
v (p-H)=0 v-E=0 (4)
where p is the permeability tensor of the ferrite. For a

ferrite magnetized in the y direction, the permeability
tensor is [15]

g 0  —jk
E=0 po O (5)
Jje 0 p
and
B=po 1+5(§(f):2) K=%’
w,, =v4TM, wy=wy+ j/T wy = vH,

where w, is the precession frequency, H, is the impressed
dc magnetic field, v is the gyromagnetic ratio, T=2/vyAH
is the relaxation time, and AH is the 3 dB line width. To
simplify the formulation of the fields, the wave equations
are expressed in terms of fields which are longitudinal to
the direction of magnetization ( y direction). The following
equations determine Ify, ﬁy:

aZE' 2 2

pe—K*\ K .
y 2 2_ 2 ;
— | kz+k:— E =— jop,k —H
922 x y T we " y J@Ro T
d%H n - K
y 2 0,2 2 - i g
Py —(kx+7ky—w,uoe)Hy—]wekquy (6)

where Ify and ﬁy are functions of z and the Fourier
variables k, and k. The other field components can be
expressed in terms of the y components, as

- jk, Vv *E, + w(p+x)V *H,

E=*
ki —w%(u+tx)

It

— jk,V *H,F wev *E,

H*
kj—w(pti)

(7)
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where E*, H* are elliptically polarized fields and can be
written as

T

by,
+
1]

H

.+ JE,
H*=H, + jH, (8)
and
d
vi=—7%Fk,. 9)
dz

If k,+ 0, (6) can be solved by assuming that Ey and ﬁy
are proportional to each other as
E,=jnH,. (10)
To justify assumption (10), Ey and ﬁy must have the same
z dependence. The resulting equation in 7 is written as

k2 2‘“2_'€2 k K
— w% —wpok,— =
Y T

© K
—Oky2 — @ge — wekyﬁn

(11)

which has two roots of 7, and 7,,. I::y and ﬁy can then be
written in the form

E,= jm,[A;sinh(k,z)+ B, cosh(k,z)]
+ jn,[4,sinh(k,z)+ Bycosh(k,z)]
I-jy = A;sinh(k,z)+ Blcosh(kpz)
+ A, sinh(k,z)+ B,cosh(k,z) (12)
where A4,, B,, A,, B, are arbitrary constants and
k,= (kg + %kﬁ g npweky£)1/2

M K \1/72
kn=(k§+70k§—w2uoe~nnweky;) . (13)

This solution is similar to that given in [4]. Equations
(12) and (13) show that there are two eigenwaves describ-
ing the fields in a homogeneous magnetized material.

At z=z;, (7) and (12) can be used to write El, fl as

E -
1 =M(z)-4 (14)
1
where
Al
Bl
A= A, (15)
B2

and M is 4x4 matrix which Telates E, and J, to the
arbitrary constants. Similarly, E,, J, can be expressed as

B -
[i } = M(z,)-A. (16)

2
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From (12) and (14),

E| = -1 E,
[j]=M(zz)-M (21).[1 }

2 1

(17)

and from (1) and (15),
T(d)=M(z,)-M~Y(z,). (18)

The coordinates, z; and z,, can be chosen arbitrarily such
that z, —z, =d. However, to find the mathematical ex-
pression for T(d) and eliminate the necessity of inverting
M numerically, z; is chosen to be zero and z, = ~d. The
elements of the matrix T for dielectric and ferrite slabs are
listed in Appendix I and Appendix II, respectively.

Transmission matrices have the following useful proper-
ties:

T(0)=1 (19a)
T(a+b)=T(a)T(b) (19b)
T(-d)=T"d) (19)

where I is the unity matrix. Property (19b) can be used to
find the transmission matrix of a multilayer structure (see
Fig. 1(a)) by multiplying the transmission matrices of the
individual layers in the correct sequence.

To find the Green’s function in (1), the total multilayer
transmission matrix is partitioned as

T=|r (20)

where T, Z,, Yy, T, are 2X2 matrices. The first layer in
Fig. 1(a) can then be made either a shielded layer or
infinitely thick. When the first layer is shielded, the
boundary condition Eo =0 can be used to determine the
desired Green’s function as

G=TZ;' (21)

where G relates tangential J to tangential E on the nth
layer (see Fig. 1(a)). For an infinite first layer, the Green’s
function is found by taking the limit of (21) as the thick-
ness of the layer approaches infinity. A more efficient
approach uses the semispace Green’s function, 51, (see
Appendix I) in place of the first layer. The total Green’s
function can then be written as

- = = o= —1
G = (Y +1,G,)( Tz + 2,G,) (22)
where Y, T;, Ty, Z, in this case are the submatrices of the
transmission matrix for the multilayer structure excluding
the first layer. This eliminates the necessity of taking the
d = oo limit and somewhat reduces the number of trans-
mission matrices to be found and the number of multipli-
cations.

The solution for ferrite substrates is greatly simplified
using the present approach due to the fact that it deals
directly with the fields. This is in contrast to the published
techniques [16]-{19] which use potential functions for the
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Fig. 2. Geometry of (a) slot line and (b) coplanar waveguide.

analysis of multilayer structures. Further simplification has
been achieved through using (18) to find the transmission
matrix instead of conventional techniques [12]-[14] in
which an eigenvector matrix is constructed. As a result, the
transmission matrices for single ferrite and dielectric slabs
(k, # 0) have been derived in a closed form.

III. SpLoT LiNeE AND CPW ON INFINITELY

WIDE SUBSTRATE
A. Full-Wave Formulation

Fig. 2 shows the geometry of the slot line and CPW
under consideration. The analysis of these structures is
based upon the spectral-domain technique {20}, [21]. A
Green’s function is used to find the electric surface current
J in terms of the electric field E as

1 o0 = .
J(y) =5 _wG(—B,ky)E(ky)ef"deky_ (23)

The boundary conditions (J(y) = 0 inside the slot) at the
plane of the slot line or CPW are enforced by employing
Galerkin’s method.

In this work, the electric fields in a single slot are
expanded according to [24]

N,
E(y)= Z_Zotfnfvn
NX
E(y)= X 4d.fun (24)
n=0

where the expansion functions f,, and f,, are defined to

be
fyn=<-1>"n(%)/\/1—(%)z (259
2y

oG- ()

fin= (25b)

w w
and where W is the width of the slot and the functions 7,
and U, are Chebyshev polynomials of the first and second
kinds, respectively. (These functions are similar to those
used in [20], [21], but are more computationally efficient.)
For a slot line, the longitudinal component is an odd
function of y, whereas the transverse component is an
even function of y. Therefore, only the even values of n
are used in (25a) and only the odd values are used in (25b).
For CPW, the entire set (odd and even) is used to account
for the possible close coupling between the slots and that



1074

s <,‘: 11.6 J
CPW o =4 A, = 26206 |
30.00¢ He = 3770e 4'
,,,,,,, Slot line /=10 GHz |
3 26.00 :
%] |
o 2200 "
&) 3
L t
0o 18.00+ 1\
z [T L635mm :
o 1400 LT Li35imum J
e :
10.00F
L.133mm i
600 L L 1 1 1 L ‘ ]
0.30 0.60 0.90 1.20 1.50 1.80 2.10
SLOT WIDTH IN MM
Fig. 3. Differential phase shift for slot line and coplanar waveguide on

a single-layer of ferrite.

set is displaced to y = 4+ (S + W)/2 with the symmetries
which are proper for CPW.

Following the Galerkin procedure, J in (23) is tested
with f,, and f,,, which results in an admittance matrix, ¥,
such that

Y
Y»w

Yxx
P

(26)

and

Y20, = [ En(k,)Gyu( =B, k) Foulk,) dic, (27)

where F,, is the Fourier transform of the basis functions
(25) written as
P LTV (kW
yn J 9 “n 2
TW KW\ kW
Y TRSVN (4L

For a particular value of B, the integrals in (27) are
evaluated numerically. The values which force the determi-
nant of ¥ to zero are mode propagation constants. Nonre-
ciprocal phase shift is defined to be the difference between
the propagation constants of the forward (+ x) traveling
and reverse (— x) traveling modes, A =g, — B, (°/cm).
N, and N, in (24) are increased until A¢ is converged.
Two or three functions for each field component are
sufficient.

In evaluating ¥, poles can occur in the numerical in-
tegration. These poles correspond to the various surface
waves which can be supported in the structure. The in-
" tegration takes place up to a pole and then continues on
the other side (principal value). Residues should also be
added to represent the leakage of energy from the funda-
mental mode into the parasitic waves of the structure.
Since these waves are electromagnetic surface waves or
magnetostatic surface waves, it is possible to avoid their
excitation by a proper choice of substrate thickness and
ferrite magnetization. For the applications presented here,
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the operating frequency range is such that magnetostatic
surface waves [10], [22], [23] are cut off.

B. Results

The differential phase shift for slot line and CPW is
plotted in Fig. 3 versus the width of the slot for two
different substrate thicknesses. For substrate thicknesses
up to 0.1A, (larger thicknesses were not checked), differen-
tial phase shift was generally found to increase with sub-
strate thickness in both slot line and CPW. Also, there is
an optimum slot width for CPW which increases with
increasing substrate thickness. In all results, we considered
only the odd mode of the CPW because of its compatibil-
ity with coaxial feed. The figure also shows that the
available differential phase shift from a CPW on a single
layer of ferrite can be higher than that for a slot line.

Different configurations employing an additional layer
of dielectric have been suggested [2], [7], [9] to improve the
nonreciprocity of a slot line. Fig. 4 shows the three major
structures, and Fig. 5 shows the nonreciprocal slot phase
shift obtained from the three different structures versus the
relative' permittivity, e,,, of the dielectric layer for two
different thicknesses of dielectric. For low and medium
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values of ¢,,, the best nonreciprocity is obtained from
structure ¢ whereas for high ¢,, the best nonreciprocity is
obtained from structure c. Although the figure does not
show it, structures a and b have an optimum dielectric
thickness for some values of ¢,,. This is in agreement with
the conclusions reached in [7] and [9]. Note also that the
phase shift presented in Fig. 5 for ¢,, = 20 is in agreement
with results presented in [7]. All three structures have been
examined for other ferrite substrates. In structures b and
¢, the differential phase shift can equal zero at specific
values of €,,. This value decreases with increasing magneti-
zation and applied dc magnetic field. On the other hand,
structure a seems to offer high nonreciprocity over a wide
variety of ferrite and dielectric substrates.

Figs. 3 and 5 show the usefulness of structure a. Two
layers of ferrite and dielectric having the same permittivity
can offer higher nonreciprocity than a single layer of
ferrite with thickness equal to the combined thicknesses of
the two layers. This can be explained by the fact that the
field ellipticities at the upper and lower boundaries with
air counteract each other for a single layer of ferrite. When
air at one of these boundaries is replaced by a dielectric,
especially of high permittivity, the counteracting elliptical
field is moved out of the ferrite toward the new air—dielec-
tric interface.

The effect of an extra layer on a CPW is similar to what
was observed for a slot line. Fig. 6 shows the differential
phase shift for the same three configurations as in Fig. 5.
Structure a produces higher differential phase shift for low
and medium ¢,, than the same set of layers in a slot line,
whereas structure b shows less phase shift than the corre-
sponding slot line.

IV. SLOT LINE AND CPW ON FERRITE SUBSTRATES
WITH CONDUCTING WALLS

A. Full-Wave Formulation

The geometry of slot line and CPW with perfectly
conducting sidewalls is shown in Fig. 7. The p-directed
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conducting sidewalls.

electric and magnetic fields can be written in the form

1 © * -
E,V(x’y)zagf_ooejkxx Z Ey(kx’kyn)ejky"ydkx

n=—o

(29a)
H )=_l_ % gk i ﬁ(k k )jkvnydk
y(x’y 2o € ¥y x? Vyn e’ X
— 0 n=—00
(29b)

where k,, is discrete. Applying (29) to the procedure
described by (3)—(22) results in the expression

)= Y &(-8, ke, E (k,,)ern?

n=-0o

(30)

where G is exactly the same function as in (23) and E and
J correspond to the tangential electric field and current on
the z = 0 surface.

In order for the electric field boundary conditions to be
satisfied at y =+ a/2, the values of k,, are constrained
to be nw/a and

Ey(kyn) = (_1)’15}'('— kyn)
E (ky,) == (-1)"E(=k,,).

For a slot line, E, must be an even function of y and
E, must be odd. This and equations (31) imply that » in
(29) and (30) takes on only even values. For a CPW, E| is
an odd function of y and E, is even, which results in n
taking only odd values.

The fields in (30) are then expanded in terms of the
functions described previously. As before, these same func-
tions are used to test that the currents in the slots are zero.
The elements of the resulting admittance matrix are given
by

(31a)
(31b)

e 2 <7\ 5 na nw
Y A A A o

where n is even for slot line analysis and odd for CPW.
The propagation constant(s) is the value of 8 which makes
¥|=0. )

The poles of G, corresponding to surface waves in the
no-sidewall case, generate other solutions for 8. In the case
of a slot line with sidewalls, these modes correspond to the
finline modes known as FD and FM modes in [4].
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B. Results

The dispersion characteristics of a slot line confined by
electric walls have been calculated using the formulation
described above. Good agreement (at worst, a 5 percent
difference in propagation constant) with other published
results [4] was obtained. Sidewall proximity has a notice-
able effect on slot line nonreciprocity, reducing it signifi-
cantly. For example, if the slot analyzed in Fig. 3 1s
enclosed by sidewalls separated by 1.5 cm, the peak phase
shift is reduced by 50 percent.

Sidewall proximity also has an effect on the nonre-
ciprocity of CPW but much less than for a slot line. If
sidewalls, again separated by 1.5 cm, confine the CPW
analyzed in Fig. 3, the phase shift is reduced by only 6
percent. This reduced sensitivity can be explained by the
odd symmetry of the CPW fields. The resulting field decay
with increased y is more pronounced than the single slot
field decay. Therefore, changing the sidewall location per-
turbs the CPW fields less than it perturbs the slot field.

Fig. 8 shows the calculated differential phase of a latched
CPW versus total CPW. size (S +2W) for various aspect
ratios and sidewall proximities. Note that, for a particular
aspect ratio, there is an optimum CPW size. This also
occurred in the CPW without sidewalls. Differential phase
shift can be further increased by increasing the substrate
thickness or by using multilayer configurations, as men-
tioned in Section III.

V. EXPERIMENTAL VERIFICATION

In this section, measurements are presented for the
differential phase shift between the two latched states of a
coplanar waveguide etched on the metallized wall of a
rectangular ferrite toroid (see Fig. 9). Toroidal structures
such as these are used extensively in waveguide phase
shifters and are particularly attractive because the closed
magnetic path allows for easy biasing. The ferrite material
used in these measurements was TRANSTECH G-1004
having a nominal remanent magnetization of 493 gauss.
The outer dimensions of the toroid are 9.9X 7.1 X31.8 mm
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Fig. 10. Measured and calculated differential phase shift of a CPW on
the surface of a toroid.

with a wall thickness of 1.59 mm. The entire outside
surface of the toroid was gold-plated. A coplanar wave-
guide, etched in the broad wall, had outside dimensions of
3.6 mm and an aspect ratio of 0.444. The structure was
modeled as two horizontal ferrite slabs between two verti-
cal electric walls separated by the broad wall width (see
figure inset). In this model, the effect of the ferrite vertical
walls was neglected initially, so that the two horizontal
slabs are separated by an air gap. Fig. 10 shows the
measured versus calculated differential phase shift. Rea-
sonably good agreement is observed, with the worst dis-
crepancy, about 0.8°, occurring at 5 GHz. '

The effect of the ferrite sidewalls may be approximately
taken into account by replacing the air gap in the previous
model with a dielectric layer as shown in Fig. 10. The
effective dielectric constant ¢, of this layer was calculated
from the following relation:

2d (e,—1) -
S
=(1—-—L 7
M
where ¢, is the ferrite dielectric constant, d is the toroid
wall thickness, and W, is the toroid outer width. A plot for
the calculated phase difference using this approximation
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(¢,=1.43) is shown in Fig. 10. An improvement in the
accuracy of the model results.

A second CPW was built on an identical toroid. This
CPW was larger (S =2.4 mm, W=1.7 mm) than the first
one and gave almost the same differential phase shift over
a frequency range between 3 and 5 GHz. Measured and
calculated results agreed within 14 percent. This higher
discrepancy is probably due to the close proximity of the
CPW to the ferrite vertical walls.

The aspect ratios in both cases were chosen to give
roughly a 50 © impedance. Return loss in the first case
was roughly 15 dB with a 1-2 dB insertion loss. The
second case gave a worse match due to poor contacts at
the input and output of the CPW.

We note that our previous analytical work on this con-
figuration [11] gave worse agreement with measurements.
This was due to the assumption that the conducting side-
walls had no effect on phase shift. Our present work shows
that the sidewall can introduce significant effects.

VI. CONCLUSIONS

A full-wave analysis of coplanar waveguide and slot line
on magnetic substrates has been formulated using a trans-
mission matrix technique. The analysis was then used to
study a number of configurations in order to determine the
factors which influence the nonreciprocity. Using a dielec-
tric layer in addition to the ferrite layer was shown to be a
useful method for increasing phase shift. Optimum dimen-
sions for maximum nonreciprocity in coplanar waveguide
and slot line were found to exist. A reduction in phase
shift was found to occur due to the presence of conducting
sidewalls, and this effect was more pronounced in slot line
than in coplanar waveguide. Coplanar waveguide gave as
good or better nonreciprocity than slot line in the config-
urations which were studied.

In order to verify the analysis, phase shift measurements
were made for a coplanar waveguide printed on the broad
wall of a rectangular toroid. Good agreement between
calculated and measured phase shift was observed.

The results presented in this paper, along with the
prospect of coaxial compatibility, show coplanar wave-
guide to be a promising nonreciprocal medium.

APPENDIX |

The submatrices of the transmission matrix for dielectric
slab are expressed as

T~E=7}=coshkd[(1) (1)] (A1)

. jz (k2—k2 ko

Z, =22 Gnhka o (A2)
kk | ko, k2-k3

= Y, k=K -k,

Y,=—sinh kd A3

T kk, —kk, k2-k2 (43)
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where
k=(k2+k2-k2)""
k= wype
1 Fo
Z=—=/= Ad
==/ (a9)

From (A2) and (A3) we note that |Z,|=(Z,sinhkd)?,
|Y7| = (Y, sinh kd)?, and

~1

Z, Y, (45)
sinhkd | sinh kd
The semispace Green’s function, f:‘, in (22), is
-, Y k 2 - k 2 - k xk
G=Le|™ il (A6)
kky| —k k y k 2—k2

APPENDIX I1

The submatrices of the transmission matrix for a mag-
netic slab with H, in the y direction are

T.(1,1) = C,D,+C,D,

T,(1,2)=—j +C,D,+C,D,
n, =M,
T;(2,1) = - j(n,C, sinh k,d + n,Cssinh k,d )
-~ n,cosh k,d — n,cosh k,d
T.(2,2)=-*% £
np - nn
— j(n,Cysinh k ,d + ,Cgsinh k,,d )
o~ 'I']nD - D
Z,0,1) =222 L e by b,
np - T’n

Ar(laz) =CD; + G D,
npnn

4 n

~ j(m,Cy sinhk ,d +9,C, sinh k,d )

ZT(zal) = .]

(cosh k,d —coshk,d )

Z;(2,2) = - j(n,C,sinhk,d + n,Cqsinh k,d)

Y;(1,1) = C; sinh k,d + Cssinh k,d
coshk,d —cosh k,d

N, = My
+C,ysinh k,d + Cysinh k,,d

7T(]-’Z) = J

¥7(2,1) = C,D, + Cs D,

- Ds— D,
Yr(2.2) =~ j

+C,D, + C,Dy

P n
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= n,coshk,d —n,coshk,d

1,1)=- 1
7 M~ My H
+ Cysinhk,d + C;sinh k,.d
- (3]
1,(1,2) =C, sinh k ,d + Cgsinh k ,d
= aDs ~m,D,
1(2,1) = s s +CDy+ CyDy (4]
My~ Mn
i(2,2) =CyD;+ CyDy (A7) B
where [6]
J
Cl = B f4kn(kyw2€l€ + OO(B;:IZT]”) (7]
jkn 2 2 2
C=- -D_(kxkylgh (kyw ek + we’Bh n") (8]
- wekxwzen(kywzf'mn + ‘*’“Bez)) B
k. k Kk,
6 e hcretin
= B (kywern, + wpf?)) (1]
Bf k (k wkKn, + w ,32)
5 M P, [12]
Crra=— C,(n —-p), i=1234
K
D=kpkn(7’p—-nn)w2p.€(k§w€l€;"‘,Bezﬁ;%) 1
j (14]
D, =2k k B2, + wkk, )coshk d
1 Bf4( J’( hilp »V) p 115]
+ kp(w‘uﬁez + wzelcky'qp) sinh kpd) (16]
J .
D=~ B?(kxky( Bin, + wkk,)sinh k,d [17]
+ kp(wu,Be2 + wzcickynp) cosh kpd) L8]
1 5 N .
D= Ez(kp(ﬁhwcnp +w (Kky)Slnh k,d
A [19]
+ kx(kyﬁf + wzexwenp)cosh kpd)
1
D,=—~ Efi(kp(ﬁ,fwenp + wlexk ) cosh k ,d 201
+k (k B+ wzcicwenp)sinh kpd) [21]
D .= D(p——)n) i=1,3,5,7
B = (k2 e (o) 2
23
Bi=k; — wlne -
| [24]

u—x
®

Bl =k - (A8)
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